Mathematical modelling of transient vibration and acoustic radiation from impacted systems  by Akay, Adnan
Mathematical Modelling, Vol. 3, pp. 535-541, 1982 0270-0255/82/060535-07503.00/0 
Printed in the USA. All rights reserved. Copyright t~) 1983 Pergamon Press Ltd. 
MATHEMATICAL MODELLING OF TRANSIENT 
VIBRATION AND ACOUSTIC RADIATION 
FROM IMPACTED SYSTEMS 
ADNAN AKAY 
Mechanical Engineering Department 
Wayne State University 
Detroit, Michigan 48202, USA 
Communicated by X.J.R. Avula 
Abstract--Vibration response and acoustic radiation resulting from impactive xcita- 
tion of beam- and plate-like structures are modelled. Mechanical energy absorption of 
an object is obtained through Fourier synthesis for any force-time history. Both, 
structural damping and acoustic radiation loss are accounted for in the equations of 
motion. Acoustic radiation is modelled as energy dissipation proportional to vibration 
velocity of the object. General expressions are obtained for vibration amplitudes and 
radiated power and energy. 
INTRODUCTION 
Sound radiation from machines and mechanisms has become an important engineering 
issue both from the point of view of design and analysis for three reasons: (1) adverse 
effects of noise on people, (2) adverse effects of sound waves on structures or 
mechanical systems, and (3) use of sound emission as a diagnostic tool to identify wear 
or faulty parts and to predict precipitous failure and to identify objects or processes. 
Most engineering studies have been concerned with the generation and propagation 
mechanisms of continuous noise sources. On the other hand, a number of analytical and 
experimental investigations on transient sounds, in particular impact sounds, have been 
undertaken only in recent years in recognition of their adverse effects and widespread 
existence in most types of machinery and equipment ranging from heavy impact forming 
machines and high-speed machinery to office equipment such as typewriters. 
Sound generation mechanisms in mechanical systems can largely be classified as 
those due to aerodynamic sources and those due to vibrating surfaces. Aerodynamic 
noise commonly refers to the sound produced as a byproduct of the instabilities in an 
airflow or fluid flow, such as turbulence in the wind, turbulent jets and boundary layers, 
as distinct from the noise produced by vibrating solids. On the other hand, sound 
radiation from vibrating structures can be due to rigid body oscillations of an object or 
due to its surface vibrations and it may have a continuous time description, be 
intermittent or impulsive in character. 
In most mechanical systems, acoustic sources are due to structural oscillations. They 
may result from external or internal excitations. External excitations include, time- 
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dependent loads and external forces acting through connections and supports of the 
system whereas internal excitations may be due to inertial forces, frictional forces and 
most importantly impact forces developed in the joints as a result of gaps. Studies 
indicate that, in the absence of external forces, it is these impact forces that are 
predominant in most high-speed mechanical systems. It is also these transient excitations 
that produce higher frequency radiation different from those due to the inertial forces. A 
review of impact noise generation mechanisms are given in Ref. [1]. 
Acoustic field of a source is influenced by other sources in the vicinity and external 
boundaries in the field, such as walls and other reflecting surfaces. Analytical methods 
predicting the acoustic field of noise sources can be classified as follows: (1) True source 
approach: It is an exact formulation of sound radiation which involves solving of the 
sound pressure or velocity potential wave equation in the appropriate coordinate system 
with the surface vibrations (acceleration or velocity) and Sommerfeld infinity condition 
as boundary conditions. The wave equations are solved using transform techniques or 
Green's function method which leads to the Helmholtz-Kirchhoff Integral. For the 
particular case of a planar source in an infinite baffle the Rayleigh Integral is used. (2) 
Method of equivalent sources; also called multipole analysis, it is used to model 
radiators to depict more approximate radiation sources in terms of monopoles, dipoles, 
etc. For example, a transversely vibrating beam may be modelled as a series of dipoles 
with appropriate phase differences. (3) Statistical energy analysis: This method relates 
the power flow between systems to parameters uch as damping, transmission and 
radiation efflciencies. 
In the present paper, acoustic radiation from a transversely vibrating system is treated 
as an energy dissipation mechanism to enable comparison of structural and acoustic 
losses. Specifically, one- and two-dimensional elements excited by transient forces are 
considered. First, the reversible mechanical energy acquired by the impacted object is 
obtained through Fourier synthesis. Then, both structural and acoustic damping are 
modelled in the equations of motion to obtain the radiated energy. 
VIRBATION ENERGY DUE TO IMPACT 
The mechanical energy input into a system by a steady-state excitation is equal to the 
dissipated energy from the system through structural damping, acoustic radiation and 
energy transfer through its connections and supports. If the dissipation through the 
structural boundaries are considered negligible, the external energy input is equal to 
energy dissipation through eat and radiation. 
In the case of transient excitations, at the start of a harmonic excitation such as 
turning on of a system or as in impact, the mechanical energy input is equal to the 
reversible mechanical energy and the total dissipated energy at a given time. In time, the 
mechanical energy of the system is dissipated through the various damping mechanisms 
described above. 
The mechanical energy absorbed by an elastic system excited by a force F(t) can be 
obtained by 
W = f F du (la) 
or  
W=fF du dr, (ib) 
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where u is the displacement of the object at the excitation region. The displacement 
response of a system to a periodic excitation force F( t )  = Foe j~'t can be written as 
u(x, y, to) = FoA(x, y, to) e j~', (2) 
where A(x,  y, to) is the dynamic ompliance of the system. For an arbitrary force-time 
history the system response can be obtained through Fourier synthesis as follows: 
, f  u(x, y, t) = ~ F(to)u(x,  y, to) e ~' dto (3) 
-de  
and the corresponding velocity is 
o¢ 
1. f v(x, y, t) = ~ jtoF(to)u(x, y, to) e j°'t dto, 
- -oc  
(4) 
where the forcing function is described by the following Fourier transform pair: 
o¢ 
F(to) = f F( t )  e -j~'t dt (5a) 
- -o¢  
(Sb) 
Substituting the expressions for velocity in Eq. (4), and force in Eq. (Sa), into Eq. (lb), 
the work performed on an object can be evaluated as follows: 
do do  
w= f [~ f F( to )C  °'' dto][~ f ~(~')~(x, ~, ~')e'~" d~'] d,. 
- -oo  - -de  - -~c  
Integration with respect o time is done by using the relationship 
f e i~°'+'°')t d = 6(w + w'). 
Then, integration with respect o to' yields 
, f  W = ~ j toF(-to)F(to)u(to)  dto. 
For a real forcing function F(-to) = F*(to) must be satisfied, then 
1 
- -oc  
(6) 
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The displacement response u(x, y, to) of a damped system with a loss factor ,/ to a 
harmonic excitation by a force F = For(X, y) e ~°)t is given for two-dimensional vibrating 
systems, i.e., plates, as 
u(x, y, t) = f~, U,,,(t)d,,,,(x, y), (7) 
ttl, tl =0 
where 
Utah(t) = F,,~ e i°'t 
[(1 + J~)to ~n - to2] 
Foff(x, y)~°(x, y) dS 
8 
F inn  = f2 ~b m~(x, y) dS 
5 
2 - -  D ~74~bmn 
to mn m r ~mn ' 
where m'= ph. For one-dimensional systems, i.e., beams, 
where 
u(x, t) = ~,  u . ( t )6° (x ) ,  (8) 
n=0 
Fn e j~t 
Un(t) = m"[(1 + jT1)to2, - to2] 
F. - 
f s(x, dx 
L 
f qb2,(x) dx 
L 
2 B C~4(~n(X)/~X 4 
to , -  E1 ~ ' 
where m' = ph, m" = pA, h = plate thickness, A = beam cross-section, L = beam length, 
S = plate surface area, and D and B are flexural rigidity of the plate and beam, 
respectively. 
MODELL ING OF STRUCTURAL AND ACOUSTIC ENERGY LOSSES 
Damping of vibratory energy in a transiently excited system with one or two dimen- 
sions, is considered by neglecting energy transfer through its connections and supports. In 
modelling damping, both the frequency-independent internal damping due to mechanical 
hysteresis and the external damping due to acoustic radiation are considered. These are 
the two predominant damping mechanisms over the sonic frequency range. The present 
model is for in vacuo vibrations only. 
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Internal damping is usually modelled using a complex modulus. Although this model 
was developed for steady-state vibrations, for small loss factor 71, and decay constant 8, 
such that ~2,~ 1,82,~ 1, it can be applied to transient vibrations also [2]. Radiation 
damping is accounted for by considering the forces generated by sound radiation 
proportional to the velocity of the vibrating surface through a radiation impedance. 
Then, in general terms, equation of motion describing transverse vibrations can be 
written as 
02u(x, y, t) Z Ou(x, y, t) D 
Ot 2 + m' Ot ~ -~TWu(x, y, t) = F(x, y, t) m' ' (9) 
where /5=( l+]~)D is complex flexural rigidity of a plate, m' and /5 should be 
substituted by m" and/~ = (1 + ]'o)B for beams where the only spatial variable will be x. 
Z is the radiation impedance of the vibrating object. A factor 2 should be inserted to 
account for radiation from both sides of a plate. In general radiation impedance is 
frequency dependent. Then, strictly speaking, Z in Eq. (9) must be expressed as a 
time-dependent quantity. However, in order to demonstrate the effects of various 
parameters, the radiation impedance is taken as a constant in the present analysis. A 
discussion of this quantity is given later. 
For a two-dimensional system such as a rectangular plate, Eq. (9) can be written as 
O2u(x, y, t) Ou 
Ot 2 + 2¢o~,".-~-(t x, y, t) + et2.u(x, r, t) = F(x, y, t) m' ' (10) 
where a,", = to,",~/1 + 1~ and ¢ = Z[2m'ct,",. When the forcing function is time-harmonic 
with a frequency to; the modal displacement amplitude is given by 
F,"dm' (11) 
U,".(x, y, to) = ct 2 ,". _ to2 + j(2~amto)" 
The displacement response to an arbitrary force F(t)  can be found by Fourier synthesis: 
1 f F,".(to) e j~'t dto 
U,",(x, y, t) = ~ J m,[a2 _ toE + j(2~a,",to)]" (12) 
- -oo  
From Eq. (11), for a system subject to an arbitrary force, the modal displacement 
amplitude at resonance can be found as 
-F=.(to,"n) 2¢z"+ ](n + 2~z') 
U,".(to,".) = re'to,..2 (2~z,92+ (.0 + 2~z,)2, (13) 
where z' = [½(X/1 - - -7~ + 1)] 1/2 and z" = [½(~/1-~n - 1)] 1/2. If the acoustic losses are negligible, 
i.e., ¢ - 0, then the resonant displacement values are found as 
Fro(to,".) 
(14) 
If the radiation damping is much higher than material damping, i.e., ~ -> "0, 
Fm(to,"n) 
U,".(to.,.) = jm'to~.2~" (15) 
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In practice, radiation losses are considerably higher than structural losses only in media 
with higher density than that of air, such as water. 
Equation (15) shows that for a given forcing function, the displacement amplitude 
decreases with the specific acoustic impedance, p0c, of the fluid medium and the 
radiation efficiency of the vibrating object. 
By comparing Eqs. (14) and (15) an analogous radiation loss factor 7s can be written 
as  
Z 
~s = 2~ = (16) 
m~to" 
RADIATED ACOUSTIC POWER 
Energy dissipation through acoustic radiation can be calculated by multiplying Eq. (9) 
by Ou/Ot and integrating the acoustic damping term in time as follows: 
t 
l R(t)= f f z[aU(%'tY't)f dt dS. 
S 0 
(17) 
Equation (16) gives the total radiated energy from the object at a time t. Then, the 
acoustic power loss from the vibrations of the system is given by 
OU 2 
, , , t ,= ,, t,] dS. 
S 
(18) 
Average acoustic loss per unit area of the plate can be found by using the mean squared 
velocity of the vibrating surface. Then, the average acoustic power loss becomes 
PR(t) = SZ(rE(t), (19) 
where V2(t) is the mean square velocity averaged over the plate surface. In the 
frequency domain equivalent expression for Eq. (19) is given by 
PR(tO) = SZ(r2(to). (20) 
Comparison of Eq. (20) with the usual expressions for acoustic power radiation from 
vibratory surfaces [3] indicates that the impedance in Eq. (20) is 
Z = poCtr(to), (21) 
where p0c is the specific acoustic impedance of the medium, P0 is the density of the 
medium and c is the corresponding speed of sound, tr(to) is called the radiation 
efficiency of the vibrating surface. It relates the power radiation ability of a vibrating 
surface to that of an infinite plate vibrating as a rigid piston. Values of ~r(to) are usually 
obtained experimentally. Then from Eq. (16), the acoustic loss factor becomes 
poC O'( to ) (22) 
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CONCLUSIONS 
In this paper, modelling of energy absorption and acoustic radiation loss from 
transverse vibrations of transiently excited objects are presented. The vibration am- 
plitudes for a given transient forcing function are shown both in time and frequency 
domains. Energy loss due to acoustic radiation is modelled as proportional to the surface 
vibration velocity of the object. The inclusion of the radiation loss into the equation of 
motion provides a better understanding for comparison and quantification purposes. The 
resulting power expressions are similar to those offered previously. The present analysis 
can be extended to longitudinal vibrations and three-dimensional systems as well. 
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